The transient atmospheric response to midlatitude heating is examined analytically by means of a time dependent, zonally periodic, two level model (with and without surface friction). A Fourier series technique is used to find the solutions corresponding to segmented cosine and segmented sine zonal heating structures, both with cosly meridional dependence. The height at which the thermodynamic equation is applied is found to be crucial in determining the response of the model. When the heating is entered into the model near to the surface (Model 2), unstable modes are prevalent sooner than they would be when the heat forcing is applied at a higher level (Model 1).
Abstract
The transient atmospheric response to midlatitude heating is examined analytically by means of a time dependent, zonally periodic, two level model (with and without surface friction). A Fourier series technique is used to find the solutions corresponding to segmented cosine and segmented sine zonal heating structures, both with cosly meridional dependence. The height at which the thermodynamic equation is applied is found to be crucial in determining the response of the model. When the heating is entered into the model near to the surface (Model 2), unstable modes are prevalent sooner than they would be when the heat forcing is applied at a higher level (Model 1).
For both Models 1 and 2, two cases dependent on the meridional wavenumber 1 and independent of the tonal width of the heating structure x0, emerge. For small scale meridional heating structures (case 1; large 1), the response consists of an upper level high and a lower level low which propagate eastward with time. For large scale meridional heating structures (case 2; small 1) the response essentially consists of a zonal wavenumber 3-4 perturbation superimposed on the solution for case 1. An analysis of the baroclinic instability observed in the solutions is presented for each model and case described above.
Introduction
In most linear wave theories of large-scale thermally-driven atmospheric motions the zonal structure of the heat forcing is assumed to have the form q'* cos *x, in order to model the heating associated with the contrasting thermal properties of land and sea (e.g., Frankignoul 1985a, who uses a two level *-plane channel model; Pedlosky 1979, who employs a continuously stratified *-plane model). Moreover, these theories are steady state. In this paper we use more realistic zonal structures of the oceanic diabatic heating anomalies in a time dependent, two level quasigeostrophic model and hence determine the effects of these distributions on the transient atmospheric response.
Weaver, Mysak and Bennett (1988) , hereafter called WMB, examined the effects of localized heating on the steady state atmospheric response using a continuously stratified quasigeostrophic model, linearized about a constant zonal flow U0. They found that for parameters applicable to North Pacific wintertime conditions, there was a strong local response and a constant far field response. In order to examine the effects of vertical shear on their results, Weaver (1987) used a steady state, two level quasigeostrophic model, with diabatic heating with the same zonal structures as in WMB. Two cases emerged in the analysis. For small scale meridional heating structures (large meridional wavenumbers, 1) Weaver (1987) found that the results were identical to those of WMB and hence concluded that the inclusion of vertical shear had little effect. On the other hand, for large scale meridional heating structures (small meridional wavenumbers, l), a case not examined in detail by WMB the response consisted of a wavelike perturbation corresponding to a zonal wavenumber 3-4 scale superimposed on a constant downstream response. A limitation of both the above papers, however, was the assumption of an unbounded zonal domain needed to define the Fourier transform. Weaver (1987) argued that if friction were included in the model the response would decay rapidly away from the heating region, and hence the use of an unbounded domain was indeed justified. The main purpose of this paper is to generalize the previous work of Weaver (1987) and WMB by including both surface friction and time dependence. We use a zonaly periodic domain in this paper, as opposed to the unbounded domain of Weaver (1987) and WMB, to look at the spin-up of the atmosphere in response to a midlatitude heating anomaly which develops over a period of time. We will show that the same two cases (described above), dependent on the meridional scale of heating and independent of the zonal width of the heating, exist in the response of this periodic model.
Since we use a linear model and since we find that unstable modes exist in our solutions, we must restrict our main attention to times where the magnitude of the atmospheric perturbations remains small. The linear analysis of our model breaks down for large time. We will present a stability analysis of the dispersion relations which we obtain in the following calculations since it will give insight into the discussion of the atmospheric response. The unstable modes which emerge from the dispersion relations often correspond to explosive weather systems. Hoskins and Karoly (1981) pointed out that in midlatitudes the atmospheric response to diabatic heating was strongly dependent on the vertical structure of the heating. We also examine this dependence by considering two models. The first (Model 1) has the thermodynamic equation applied at the 600mb level, while the second (Model 2) has the level of heat input at 800mb in order to model shallow heating, which occurs, for example, over the Kuroshio region in winter (Nitta and So, 1980; Masuda, 1983) .
We will use the same zonal heating structures as Weaver (1987) (see Weaver, 1987 for a detailed description of the motivation behind the choice of these structures). Briefly, the half wave cosine heating distribution can be used to model a localized heat source, as often observed over the Kuroshio region during winter. The segmented sine distribution models heating with the structure of the first EOF of variability of the anomalies of total heat transfer from the ocean to the atmosphere over the entire North Pacific Ocean, as described by Zhao and McBean (1987) . In winter this EOF consists of a bipolar pattern, with anomalous heating over the western North Pacific and anomalous cooling over the eastern North Pacific of nearly equal magnitude. Zhao and McBean (1987) found that this first principal component accounted for about 2l% of the total variance.
The outline of this paper is as follows. In Section 2 the model is introduced and in Section 3 the solution is obtained for zonally periodic heat forcing. The solution obtained in Section 3 is then used in Section 4 to obtain solutions for segmented cosine and segmented sine zonal heating distributions. In Section 5 we present a discussion of the results, compare our results with earlier work, and examine the stability of our solutions. A summary is presented in Section 6.
Description of the model
A two level, *-plane, quasigeostrophic model is used. In pressure coordinates the linearized vorticity and thermodynamic equations for small time dependent disturbances are (Holton, 1979 , Frankignoul, 1985a where * is the geostrophic streamfunction , U(p) is the zonal wind, and * is the vertical motion field. The mean static stability parameter is assumed to be constant. The diabatic heating q' is assumed to be zonally periodic with period c (where c is the circumference of the earth at 40*N) and is taken to have the form where and q' is given by (4). Here we have used where *=2*/c, *=0, *1, *2,*. According to (4), we switch on the heating at time t=0 and examine the time evolution of the atmospheric response. In Section 4 the Fourier series technique will be used (as in Lim and Chang, 1981, 1986 ) to obtain solutions for heating with different zonal structures. In the two level approximation the vorticity is calculated at levels 1 and 3 ( Fig. 1 ) and the thermodynamic equation (2) We take the inverse Laplace transform of (21)- (23) by closing the contour of integration as shown in Fig. 2 (for *=0). Since by Jordan's If *=0 (i.e., there is no surface friction) the discriminant in (18) is real, so that *1, and *2 are either purely imaginary or *1, may have a positive real part, in which case *2 has a negative real part. We now rewrite (10)- (12) Evaluating the residues of (21)- (23) at *=0, * =0, -1/*, *1, *2 and substituting (25) back into (9) gives the solution There are four contributions to the solutions for *2, *1, *3 given by (26)-(28) for *=0. A constant (with respect to time) component, an exponentially decaying time component (with decay rate, *), and two propagating components. Since *, may have a positive real part (see Section 5), and hence *2 would have a negative real part, the e*1t term may grow exponentially in time and the e*2t term would correspondingly decay exponentially with time.
Further analysis of this baroclinic instability inherent in the problem and the effects of surface frction (*0) will be delayed until Section 5. It should be noted that as t*0, (*2, We will use this special solution in Section 4.
Solutions for Other Heating Structures
In this section we consider the atmospheric response to the zonal heating distributions (defined for t*0) and where defined by is the rectangular function,
The heating is thus confined to the positive part of one period of the cosine function in (33) and to one period of the inverted sine function in (34). The motivation for choosing these zonal structures was given in the Introduction. Since our domain is zonally periodic we may write the x-dependent part of the heating distributions (33) and (34) in (37), both the numerator and the denominator vanish in (36) and (37), respectively, and hence the Fourier series are finite for these values of *. The heating distributions (36) and (37) have been plotted in Fig. 3 in the limit as t* by including the first 100 terms. Since the convergence of (36) and (37) is rapid (i.e., like 1/*2), the inclusion of the first 100 terms is more than adequate to resolve the zonal heating distributions (33) and (34).
It is now relatively straightforward to obtain solutions to (5)- (7) using the heating strures (33) and (34). We write cos*x=ei*x+e-i*x/2, sin*x=ei*x-e-i*x/2 i and use the solutions (26) - (28) segmented cosine zona1 distribution we therefore obtain whereas for the segmented sine distribution we get 23 where 5. Discussion 5.1 Description of the Parameters Used To illustrate the results of the last section we consider two models. In Model 1 we assume the levels of Fig. 1 are equally spaced so that p1= 400mb, P2=600mb, p3=800mb and hence * p1=*p2=*P3=400mb, *1=U1, and *3= U3. To examine the effects of shallow heating as observed, for example, over the Kuroshio region in winter (Nitta and So, 1980; Hoskins and Karoly, 1981; Masuda, 1983) , we consider a second model (Model 2). In this model p*=500 mb, P2=800mb, p3=900mb, so that *p1= 600mb, *p2=400mb, *p3=200mb, *1= 3/2U1 and *3=1/2U3 .
We let the *-plane be centered at 40*N, so that *0=9.4*10-5s-1 and *=1.8* 10-11m-1s-1. We also take U1=18ms-1, U3=6 ms-1 and *=3*10-6m4s2kg-2 , typical of wintertime conditions (Frankignoul, 1985a ). The deformation radius is then given by *-1=7.4* 105m and *-1=6.4*105m, for Model 1 and 2, respectively.
Heating anomalies over the North Pacific have typical developmental times of 1-3 months (Frankignoul, 1985a) . We therefore choose *= 4.84*106s, corresponding to an e-folding time of 8 weeks. The remaining parameters are chosen to be Q0=0.01Wkg-1, Cp=1005Jkg-1K-1, R= 290Jkg-1K-1 Weaver (1987) underlined the importance of the meridional scale of the heating in determining the structure of the stationary atmospheric response. In view of this we will consider the two cases discussed by Weaver (19&7). For small scale meridional heating we choose l=1.4*10-6m-1 (case * of Weaver, 1987), while to model heating with larger meridional scale we choose l=0.8*10-6m-1 (case 2 of Weaver, 1987). As in Weaver (1987) we take x0=2.0*106m for the segmented cosine heating distribution (corresponding to heating over an area of 47* extent), and x*= 4.55*106m
for the segmented sine heating distribution (corresponding to heating over the western half of the North Pacific and cooling over the eastern half of the North Pacific).
Finally, we will examine the effects of friction on the results by considering both *=0 and *= 2.0*10-6s-1, the latter corresponding to a 6 day damping time. In all the plots which follow we have included the first 100 Fourier components in the series (38)-(43). Since the convergence of (38)- (43) is rapid (i.e., like 1/*2 for *2 and like 1/* 5 for *1 and *3), the inclusion of the first 100 terms is more than adequate to resolve the solutions. It should be noted that since we have normalized the heating structures (33) and (34) as in Weaver (1987), we must multiply the solutions given in Section 4 by a factor of 106.
The Model Solutions for *1 and *3
The time evolution of the streamfunctions *1 and *3 is illustrated for the segmented cosine heat forcing using Model 1(equally spaced levels) and small scale meridional heating (case 1) in the Hovmoller diagrams Figs. 4a,b (*=0) and Figs. 5a,b (*0) . At the upper level (Fig. 4a, Fig. 5a ) an area of high pressure develops to the east of the heating region, propagating eastward with a speed of about 7.3ms-1 . When friction is not present in the model the high pressure system becomes dominated by the most unstable wavenumber 4 mode (Fig. 4a -the wavelength scale is determined from the top right hand corner). With the inclusion of friction, however, this baroclinic instability is suppressed (Fig. 5a ) and the model region is dominated by the high pressure response.
In the lower layer the inclusion of friction has a much more pronounced effect (as one would expect from the Ekman pumping mechanism). Here we consider Model 1 (equally spaced levels) for the segmented cosine heating distribution with *= 0.0s-1 and l=1.4*10-6m-1 (case * -small meridional scale). The horizontal axis is in weeks and the vertical axis is in 107m from the center of the heat source, with the eastward direction towards the top of the graph. Solid (dashed) contours denote high (low) pressure regions. For the case *=0 (Fig. 4b) , a strong low pressure develops over the heating region, propagating eastward and intensifying with time. Once more the most unstable mode *=4 dominates for large time. Friction (*0), on the other hand, suppresses the instability and the results are remarkably different (Fig. Sb) . The low pressure system is now weaker and confined nearer to the heating region. As time progresses this low intensifies in magnitude and propagates slowly eastward.
When the thermodynamic equation is applied at a level nearer to the surface the instability mechanism plays a more important role in the governing dynamics. This is illustrated in Fig. 6 for the segmented cosine heating structure for Model 2, case 1 with *=2.0*10-6s-1.
The observed high and low responses in the upper and lower layers respectively, are once more observed in Figs. 6a,b, with the high developing further eastward from the heating region than the low. Again, in the lower troposphere, over and in the eastward vicinity of the heating region, the response is consistently negative. For large time the response is completely dominated by the unstable modes *=5-6.
For the segmented sine heat forcing, which corresponds to anomalous heating over the western half of the North Pacific and anomalous cooling over the eastern half of the North Pacific, there is a weak high which develops at the upper level over the cooling half of the segmented sine heat forcing function. This is illustrated in Fig.  7a for Model 1, case 1 with *=2.0*10-6s-1. At the lower level (Fig. 7b ) the response is also weak and consists of a low pressure system centered slightly westward of the zero crossing of the heating function (see Fig. 3 ) and a weak high upstream of the heating region. As time progresses this low and high structure intensifies slowly and broadens somewhat. At t=8 weeks a quasi-steady state balance has been reached and the response is similar to the steady state results of Weaver (1987) and WMB. As time progresses further, unstable modes dominate the solution. We will discuss the segmented sine solutions further in Section 5.3.
As mentioned above, Weaver (1987) underlined the importance of the meridional scale of the heating. We can see this importance in Figs. 8-10, corresponding to case 2 (l=0.8*10-6m-1 -large meridional scale) . In all these plots friction has been included. For the segmented cosine heating distribution and Model 1 the results are illustrated in Fig. 8a and Fig. 8b , for *1 and *3, respectively. As observed in Figs. 5a,b (corresponding to case 1), the initial upper level response consists of a high which propagates eastward and the initial lower level response is negative. The main difference between these two figures is the sinusoidal nature of the eastward propagating disturbance as t increases (Figs. 8a,b,  cf., Figs. 5a,b) . This large-time behaviour is in excellent agreement with the steady state results of Weaver (1987) , where it was noticed that in the upper layer a wavenumber 3-4 perturbation was superimposed downstream on a positive constant response (the net result being positive always but oscillating in magnitude). Similarly, in the lower layer the net response was observed to be negative, oscillating with a wavenumber 3-4 downstream perturbation. The lower level streamfunction was observed to lead the upper level streamfunction as is also the case in Figs. 8a,b. As time progresses, however, the most unstable modes *=6 and 7 dominate the response in the present time dependent calculation.
When the heating is entered into the model nearer to the surface (Model 2), the picture becomes less clear for case 2 (large meridional scale heating). Although the discussion above seems to apply, the unstable mode *=7 dominates the entire response after a relatively short time (Figs. 9a,b) . The reason for this will become clearer in the stability discussion below.
Weaver (1987) also observed that the steady state solution for the segmented sine heating distribution in case 2 consisted of a wavenumber 3-4 perturbation, but now superimposed on a zero mean since the integral over the entire x domain (-* to * in Weaver, 1987; -c/2 to c/2 herein) of the heating function (34) is zero. This feature is clearly evident in Figs. l0a,b before the unstable modes *=6,7 dominate.
The important characteristics of the atmospheric response to midlatitude heating with segmented sine and cosine heating structures observed in Weaver (1987) and WMB are reproduced in the time dependent periodic model results of this paper. This suggests that their assumption of an unbounded x-domain (-*<x<*), which they needed to define the Fourier transform, is indeed justified (see also Section 5.3). For the segmented cosine heating distribution and small meridional scale heating, the response consists of an upper level high and a lower level low propagating eastwards. For large scale meridional heating the dominant forced response has a wavenumber 3-4 perturbation superimposed on a constant zonal response (as observed in Weaver, 1987) . For large times (two months or more) unstable modes dominate the observed perturbation fields. The height at which the thermodynamic equation is applied (i.e., the level of heat input) is also crucial in determining the response of the model. When the heating is entered into the model near to the surface (Model 2), unstable modes are prevalent sooner than they would be when the heat forcing is applied at a higher level (Model 1).
As mentioned above, Weaver (1987) observed that the downstream forced response for case 2 corresponded to wavenumbers 3-4 oscillations. This feature is also observed in this paper. It is interesting to note that in the GCM studies of Chervin et al. (1976 Chervin et al. ( , 1980 , Kutzbach et al. (1977) and Frankignoul (1985b) , the atmospheric response to SST anomaly heating was dominated by zonal wavenumber 3-4 perturbations, which are comparable to the 3-4 wavenumber perturbations predictedby Weaver (1987) and the model herein. This feature is of particular interest since the oscillations are in no way dependent on the zonal width x0 of the heating structure. The parameter x0 only affects the magnitude of the response. This follows from (38)-(43) since neither *1 nor *2 depend on x0 (see 18-20 for the definition of *1 and *2). The same conclusion was also noted in Weaver (1987) since his parameters *1, *2, *1 and *2 were all independent of x0.
A Steady State Periodic Model
In order to look at the model response at large time and to eliminate the unstable modes prevalent in the solutions discussed in the last section, we introduce a steady state zonally periodic model calculation in this section. The solutions cb,, ~b3 and w2 have been calculated in Appendix 1 for the segmented sine heat forcing distribution.
Figures 11 a•d illustrate these solutions along the line y = 0 with friction included. The same two cases emerge as before. Figures 11 a,b show c, and ~b3, respectively, for Model 1 and case 1 (small scale meridional heating), while Figs. 11 c,d are for case 2 (large scale meridional heating). Notice that in Figs. 11 c,d the response is once more a wavenumber 3-4 perturbation. These steady state results correspond very closely to those of Weaver (1987) and WMB after one takes into account that in this paper we have included surface friction. Further, if we examine Figs. 7 and 10 for large time (but before unstable modes dominate), we see that they have the same structure as Figs. 11 a,b and Figs. 11 c,d , respectively. Figure 12 illustrates the solution for Model 2 and case 1 (small scale meridional heating). The upper level response has weakened in magnitude considerably, while the lower layer response consists of strong low centered over the zero crossing of the heating region. This feature is equivalent to the results of Weaver (1987) and WMB.
To further verify that the structure of the atmospheric response is independent of the zonal width of the heating x0, many plots were generated for all values of xo which make sense (O<xo<--) . In all the plots, varying xo only 2 affected the magnitude of the response.
Stability Analysis
To further examine the instability inherent in the problem we must examine the real part of v, (since Re{v2} <i0). Figures 13a-d portray the growth rate (or the positive real part of v,) in inverse days as a function of zonal wavenumber k for Models 1 and 2, with and without friction, and for varying meridional wavenumbers. The importance of the meridional wavenumber l on the growth rate of the unstable modes is evident in these figures. For the wavenumbers 1 = 0.6-1.2 x 106m1 there exists both a long and a short zonal wavelength cutoff for instability. As l increases, the maximum growth rate decreases and moves to smaller zonal wavenumbers k, and eventually the long wavelength cutoff vanishes (l = 1 .4 x 106n f1 in Figs. 13a-d) .
The effect of including friction into the model (Figs. 13b,d, cf., Figs. 13a,c) is to diminish the magnitude of the growth rate, at the expense of removing the short wavelength instability cutoff. The curves in Fig. 13b,d are generally smoother than those of Figs. 13a,c and hence the maximum growth rates shift to slightly higher zonal wavenumbers.
As mentioned in the discussion of the results for Model 2, unstable modes tend to dominate the solutions more rapidly than for Model 1. This feature is also evident in Figs. 13a-d , where one also observes that the most unstable zonal wavenumbers have a growth rate that is larger for Model 2 than for Model 1.
To give a particular example of the effects of friction and the height of heat input, we consider the results for the meridional wavenumber l = 0.8 x 10-6m-1. For Model 1 with s=0, the maximum instability has an e-folding time of about 5.6 days; when friction is included this rises to about 1.2 days. For Model 2 with e =O, the corresponding e-folding time for the most unstable 1 = 0.8 x 10-6m-1 wave is 4.1 days, which rises to 5.0 days when friction is included. Even when friction is included in Model 2, the growth rate is still larger than for Model 1 with E=0.
In the discussion of Fig. 4 it was noted that the unstable mode with wavenumber k 4 (corresponding to k = 0.8 x 106m1; recall k = The growth rate is given in inverse days and k(=--.---) 2`k and 1 are in 10"6m"l. (28)i.e., replacing v, by v2 and v2 by v, in (26)-(28) has no effect. For this reason we plot the imaginary part of both v, and v2 in Figs. 14 and 15 for 1= 1.4 x 106 m 1 and 1 = 0.8 x 106m, -1respectively. In all the curves for case 1 where 1= 1.4 x 10-6m-i (Figs. 14a-c) , only eastward propagation of Rossby modes is allowed (westward relative to the mean flow). When there is no friction present (eg., Fig. 14a ) the imaginary part of both v, and v2 is equal until the short wavelength instability cutoff (Fig. 13a) when the two roots split. When friction is included the short wavelength cutoff is removed (Fig. 13b) and both 1m'1} and Imi.'2} are different for all values of k > 0. When we compare Model 2 results with Model 1 results we find that the dispersion curves look very similar. Since the short wavelength cutoff is at larger * (Fig. 13c ) when *=0, the imaginary part of both *1 and *2 are identical for larger values of * than in Fig. 14a . The magnitude of Im {*1} and Im {*2} is generally less for Model 1 than for Model 2 (Fig. 14c cf., Fig. 14b ). Thus the Rossby modes have faster phase speed when the level of heat input is nearer to the surface.
For case 2 where l=0.8*10-6m-1 the dispersion curves are quite different. In the case of no friction (Fig. 15a) there is both a long and short wavelength instability cutoff (Fig. 13c) . Thus *1 and *2 have different imaginary components for * less than the long wavelength cutoff and greater than the short wavelength cutoff. For sufficiently large wavelengths (small * ) westward phase propagation of Rossby modes is now allowed. For very large values of k there is very little difference between the dispersion curves of Fig. 14 and Fig. 15 . Once again, when friction is present (Figs. 15b,c) both Im{*1} and Im {*2 } are distinct for all values of *>0. As in case 1 (Fig. 14) , the eastward propagating Rossby modes have larger phase speed for Model 2 than for Model 1. However, the westward propagating modes have larger phase speed for Model 1 than for Model 2.
In summary, it appears that the distinction between case 1 and case 2 is that in case 1(small meridional heating scale), only eastward propagating Rossby modes are generated. However, for case 2 (large meridional heating scale) both eastward and westward propagating Rossby modes are excited.
Concluding Remarks
We have examined the transient atmospheric response to midlatitude heat forcing by using a zonally periodic, time dependent two level model, with surface friction included in the lower level vorticity equation. The solutions suggested that the assumption of an unbounded x-domain used in WMB and Weaver (1987) was indeed justified. In the analysis, we underlined the importance of the meridional scale of the heating and the height at which the thermodynamic equation was applied (i.e., the level of heat input). When the heating was entered into the model near to the surface (Model 2), unstable modes were prevalent sooner than they were when the heat forcing was applied at a higher level (Model 1).
The same two cases as in Weaver (1987) (dependent on the meridional wavenumber 1 and independent of the zonal width of the heating structure x0) emerged in the analysis. For small scale meridional heating structures (case 1; large l), the response consisted of an upper level high and a lower level low which propagated eastward with time. For large scale meridional heating structures (case 2; small l) the response once more essentially consisted of a wavenumber 3-4 perturbation superimposed on the solution for case 1. This wavenumber 3-4 perturbation is also the dominant forced atmospheric response observed in the GCM studies of Chervin et al. (1976 Chervin et al. ( , 1980 , Kutzbach et al. (1977 ) .and Frankignoul (1985b .
To further examine the effects of the meridional scale of heating on the transient atmospheric response future work is being planned. It is hoped that simulations using numerical General Circulation Models will add further insight into the results obtained from the simple analytical models.
APPENDIX I Solution of the Steady State Problem
Consider the steady state version of (5)- (7), viz., where the variables have been defined in Section 2. Suppose that q'=Q0 cosly*x(*0), which is equivalent to (4) in the limit as t*. Equations (I.1)-(I.3) are separable and so we readily obtain It is impossible to find a steady state solution to heating with the segmented cosine structure (see 33) in this periodic model. This follows since the solution for *1 grows linearly with time (see 39) unless some form of dissipation is included at the upper level as well as the lower level. An advantage of the models of Weaver (1987) and WMB is that they allowed energy propagation out to infinity and hence they were able to obtain frictionless steady state solutions.
We can, however, obtain steady state solutions to (I.l)-(I.3) with segmented sine heat forcing since we have both a heat source and a heat sink in the forcing function. If we expand the time independent version of (34) as an infinite complex Fourier series we find (cf., 37) with We now linearly superimpose the solutions (I.4)-(I.6) for each individual Fourier component in (1.7) after writing sin * x=1/2i(ei*xe-i*x) to obtain the solution where These solutions are discussed further in Section 5.3.
